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ABSTRACT

ARTICLE HISTORY

In condition monitoring, multiple sensors are widely used to simultaneously collect measurements
from the same unit to estimate the degradation status and predict the remaining useful life. In
this article, we propose a generic framework for multisensor degradation modeling, which can be
viewed as an extension of the degradation models from one-dimensional space to multi-dimensional space. Specifically, we model each sensor signal based on random-effect models and characterize failure events by a multi-dimensional failure surface, which is an extension of the
conventional definition of the failure threshold for a single sensor signal. To overcome the challenges in estimating the failure surface, we transform the degradation modeling problem into a
supervised classification problem, where a variety of classifiers can be incorporated to estimate
the degradation status of the unit based on the underlying signal paths, i.e., the collected sensor
signals after removing the noise. As a result, the proposed method gains great flexibility. It can
also be used for sensor selection, can handle asynchronous sensor signals, and is easy to implement in practice. Simulation studies and a case study on the degradation of aircraft engines are
conducted to evaluate the performance of the proposed framework in parameter estimation
and prognosis.
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1. Introduction
With the rapid development of sensor technology, condition
monitoring has been widely adopted in attempts to limit or
even prevent unexpected failures and reduce the maintenance cost of critical units such as machines, automotive batteries, and aircraft engines. In condition monitoring, the
degradation modeling and analysis of the signals collected
by sensors play a critical role in estimating the degradation
status and predicting the Remaining Useful Life (RUL) of
units (Nelson, 1990; Meeker and Escobar, 1998). Currently,
most of the literature on degradation modeling focuses on
analyzing a single sensor signal (Si et al. 2011; Ye and Xie,
2015). However, as discussed in Brotherton et al. (2002) and
Jardine et al. (2006), a single sensor signal is often insufficient to fully characterize the degradation status of the unit,
as one sensor only collects measurements with respect to
one characteristic of the degradation process. In order to
gather information from different characteristics and predict
the RUL more accurately, it has become common practice
to deploy multiple sensors to monitor one unit simultaneously. This creates a pressing need for multisensor degradation modeling.
The key problem in multisensor degradation modeling
lies in how to effectively fuse the useful information from
multiple sensor signals to obtain a more accurate estimation

Asynchronous sensor
signals; data fusion;
sensor selection

of the degradation status. In the literature, data fusion methods have been widely employed for multisensor degradation
modeling. Depending on the level at which the fusion operation is performed, data fusion methods can be generally
categorized into decision-level fusion and data-level fusion
(Hall and Llinas, 1997; Jardine et al., 2006). Decision-level
fusion methods combine different prognostic results. For
example, Hu et al. (2012) calculated the weighted average of
the predicted RULs from multiple algorithms as the final
prediction, where the weights were determined by cross validation. A similar approach was adopted by Baraldi et al.
(2012) where the weights were dynamically determined
using a Kalman filter. As a common limitation, decisionlevel fusion methods are heuristic and only produce a point
estimation of the RUL without insights on the underlying
degradation process.
In contrast, data-level fusion methods directly combine
measurements or extracted features from multiple sensor
signals. For instance, Tian (2012) and Loutas et al. (2013)
proposed to rely on machine learning algorithms, such as
neural networks, to directly predict the RUL based on the
most recent sensor measurements. However, these
approaches fail to utilize the unique characteristics of degradation modeling. State-space models have also been used
for multisensor degradation modeling (Xu et al., 2008; Saha
et al., 2009). However, state-space models are limited by the
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assumption of the Markov property, i.e., the future degradation status depends only on the current degradation status
but not the past, which may be invalid in practice (Bae and
Kvam, 2004; Chen and Tsui, 2013). Fang, Gebraeel and
Paynabar (2017) proposed to extract features from sensor signals using Functional Principal Component Analysis (FPCA)
and predict the RUL of units by a (log)-location-scale regression model. However, the extracted features are difficult to
interpret in practice, and all signals are required to share the
same time domain. A recent development is the creation of
multisensor degradation models that are based on a Health
Index (HI) (Liu et al., 2013; Liu and Huang, 2016; Liu et al.,
2017; Song et al., 2018; Song and Liu, 2018). The main idea of
HI-based methods is to construct a composite HI via a combination of multiple sensor signals to better characterize the
underlying degradation process. Then the constructed HI is
regarded as a single sensor signal and analyzed based on an
appropriate degradation model. Although the HI-based methods facilitate visualization and decision making, they are limited by the flexibility to explore complex relationships
between the underlying degradation process and the sensor
signals. Specifically, HI-based methods assume an analytical
function with known form (e.g., a linear function as considered by most of these studies) to combine sensor measurements into the HI, but in practice, the function form may be
complex and unknown. Moreover, a common limitation of
the data-level fusion methods is that they only consider synchronous sensor signals, i.e., all sensors collect measurements
at the same time points, which may not be true in practice
since different sensors may have different sampling frequencies and some sensor measurements can be missing during
data collection and transmission.
To the best of our knowledge, the existing literature still
lacks a generic multisensor degradation model that is: (i)
tailored for degradation process; (ii) sufficiently flexible to
be able to explore different relationships between the underlying degradation status and the sensor signals; (iii) suitable
for use with asynchronous sensor signals; and (iv) able to
automatically screen out non-informative sensor signals. In
this article, we aim to fill this gap in the literature and propose a generic framework for multisensor degradation modeling. The proposed method can be viewed as an extension
of degradation models from one-dimensional space to
multi-dimensional space. Existing degradation models based
on a single sensor signal commonly assume that a failure
occurs when the underlying signal path, i.e., the collected
sensor signal after removing the noise, crosses a failure
threshold (Lu and Meeker, 1993; Gebraeel et al., 2005).
Accordingly, with multiple sensors, we consider that a failure occurs when the trajectory of the multiple signal paths
crosses a failure surface in the multi-dimensional space. We
illustrate how the failure threshold can be generalized to a
failure surface in Figure 1. Figure 1(a) shows the single sensor case. In particular, in the left part of Figure 1(a), the
dots denote the collected sensor measurements at three different time points, the dashed line denotes the underlying
signal path, and the failure threshold is represented by a
horizontal line. The unit fails when the underlying signal
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Figure 1. Illustration of failure threshold and failure surface.

path crosses the failure threshold. The right part of Figure
1(a) is obtained by projecting the signal to the vertical axis,
i.e., we use the sensor (measurement) as the only coordinate
and discard the time coordinate. Since the failure threshold
does not rely on the time, it collapses into a point. In this
way, we characterize the failure event in a one-dimensional
space. As the unit is in operation, the underlying signal path
starts from the bottom and evolves upwards until hitting the
failure threshold. Similarly, in the case of two sensors, we
can project the signals into a curve and represent the failure
event in a two-dimensional space with the two sensors
(measurement) as the two coordinates, which is shown in
Figure 1(b). The three dots denote the collected sensor
measurements at three different time points with t1 < t2 <
t3 ; and the trajectory of the sensor paths evolves from bottom-left to top-right as the dashed curve shows. In this case,
the unit fails when the trajectory crosses the failure surface,
which is a curve in the two-dimensional space. Similarly,
with more sensors, a multi-dimensional surface can be used
to define the occurrence of failure events.
There are two major tasks for degradation modeling of a
single sensor signal: (i) modeling the underlying path of the
single sensor signal; and (ii) estimating the failure threshold.
Accordingly, for multisensor degradation modeling, the tasks
are: (i) characterizing the underlying paths of multiple sensor
signals; and (ii) estimating the failure surface. For the first task,
existing techniques can be modified to model the underlying
path of each sensor signal by adding an extension that considers the correlation among multiple sensor signals. However,
for the second task, whereas estimating the failure threshold in
the situation of a single sensor signal is relatively easy, estimating the failure surface for multiple sensor signals has not been
investigated, due to its significant challenges. The difficulty lies
in that the form of the failure surface is generally unknown and
may be complex and even random. In the literature, HI-based
methods address this problem by assuming the failure surface
to be a hyperplane, and thus equivalently, failure is defined as
the time when a linear combination of the underlying signal
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paths is greater than a failure threshold. However, this assumption is too restrictive and may not be valid in practice.
To resolve this problem, our innovative idea is to transform the multisensor degradation modeling problem into a
supervised classification problem, where a classifier is incorporated to define the failure surface and estimate the probability of failure based on the underlying signal paths. Since
a variety of parametric and nonparametric classifiers can be
employed, the failure surface constructed by our framework
is very flexible. Consequently, the framework has great
potential for implementation in various applications. In addition, we can further show that HI-based method is only a
special case of the proposed framework.
Another advantage is that the proposed framework is
intrinsically capable of solving the sensor selection problem in
multisensor degradation modeling. In practice, it is common
that some sensor signals are not related to the degradation
process and only act as noise. These sensors should be
screened out to avoid overfitting and enhance the prognostic
performance. However, the literature on sensor selection for
degradation modeling and prognosis is still sparse. Most existing studies heavily rely on domain knowledge and manual
screening for sensor selection (Liu et al., 2013; Song et al.,
2018). Fang, Paynabar and Gebraeel (2017) extended Fang,
Gebraeel and Paynabar (2017) and employed a penalized
(log)-location-scale regression with group non-negative garrote penalty for automatic sensor selection, but the procedure
was not well integrated with prognosis and still shared the
same limitations with Fang, Gebraeel and Paynabar (2017), as
previously mentioned. Recently, Kim et al. (2019) developed a
novel HI-based method that could screen out non-informative
sensors. Specifically, they penalized the weights which were
used to linearly combine the multiple sensor signals to construct the HI. In our proposed method, since the degradation
modeling problem is transformed into a classification problem, the sensor selection problem can be regarded as the feature selection problem in classification. As a result, various
feature selection methods can be applied.
Last but not least, the proposed framework is easy to
implement and able to consider asynchronous sensor signals,
since the classifier relies on the underlying signal paths but
not the collected sensor measurements. Existing software
packages of popular classifiers can be directly utilized in this
framework. This greatly enhances the applicability of our
method in practice. The rest of this article is organized as
follows. In Section 2, we describe the generic framework in
detail. The proposed method is tested and verified in
Section 3 and Section 4 with simulation studies and a case
study on the degradation of aircraft turbofan engines.
Section 5 presents conclusions and discusses future work.

Li;j ðtÞ ¼ Di;j ðtÞ þ ei;j ðtÞ:
Following existing degradation models on a single sensor
signal (Lu and Meeker, 1993), we model Di;j ðtÞ as


Di;j ðtÞ ¼ gj t; Ci;j ;
(1)
where gj ðÞ is a sensor-specific function, and Ci;j 2 Rdj 1 is
an unknown random-effect parameter for unit i; sensor j
with dimension dj : Denote pðCi Þ as the prior distribution
P of
Ci ¼ ½Ci;1 ;    ; Ci;s  2 Rd1 for unit i; where d ¼ sj¼1 dj :
The form of gj ðÞ should be specified according to the real
application. If domain knowledge and historical data are
available, a corresponding parametric form can be adopted.
Otherwise, if no such information
we may con
 is available,
T
sider a generic form gj t; Ci;j ¼ wj ðtÞ Ci;j ; where wj ðtÞ 2
Rdj 1 is composed of a series of basis functions with respect
to time t for sensor j: In the literature, there are numerous
studies on how to model a single sensor signal as a specific
form of Equation (1) (Bae and Kvam, 2004; Gebraeel, 2006;
Yu, 2006; Bae et al., 2007; Zhou, Serban and Gebraeel, 2014;
Zhou, Serban, Gebraeel and Muller, 2014). In this article to
highlight our main ideas, we assume the form of gj t; Ci;j is
already acquired.
The main idea of the proposed framework is to infer the
degradation status of a unit based on the underlying signal
paths instead of the original sensor measurements.
Specifically, let the binary variable bi ðtÞ be the status of unit
i at time t where bi ðtÞ ¼ 1 means unit i has already failed at
time t and bi ðt Þ ¼ 0 otherwise. We assume bi ðtÞ can be
inferred
based on

T the underlying signal paths Di ðt Þ ¼
Di;1 ðtÞ; :::; Di;s ðtÞ 2 Rs1 at time t via a classifier zðÞ :


p bi ðt Þ ¼ 1jDi ðtÞ ¼ zðDi ðt ÞÞ :


For example, zðDi ðtÞÞ ¼ I Di;j ðtÞ  l compares the value of
Di;j ðtÞ with a threshold l and unit i fails when Di;j ðt Þ  l;
where IðÞ is the indicator function. This represents the situation when a single sensor signal sufficiently characterizes
the degradation process and the degradation models based
on a single sensor signal can be applied. As another
T
example, zðDi ðt ÞÞ ¼ I Di ðtÞ w  l compares a linear combination of Di ðtÞ with the threshold l; where w ¼
s1
is the weight vector to combine the
½w1 ; :::; ws T 2 R
potential signal paths. This represents the main idea of HIbased methods which
hi ðtÞ
P construct the HI
Pfor unit i at
T
time t by hi ðt Þ ¼ sj¼1 Li;j ðt Þwj ¼ Di ðt Þ w þ sj¼1 ei;j ðtÞwj ¼
T
the underlying degradation
Di ðtÞ w þ e0i ðtÞ to characterize
P
process, where e0i ðtÞ ¼ sj¼1 ei;j ðt Þwj : Therefore, the HI-based
method is only a special case of the proposed generic framework.
2.2 Classifier estimation

2. Methodology
2.1. Model formulation
Suppose s sensors are used to monitor each unit simultaneously. Let Li;j ðtÞ be the sensor measurement for unit i; sensor j; at time t; where j ¼ 1; :::; s: We decompose Li;j ðtÞ into
the underlying signal path Di;j ðtÞ and the noise ei;j ðt Þ:

Our task is to estimate the classifier zðÞ based on m historical
units with the collected sensor measurements. Suppose for unit
i; sensor j; measurements Li;j ðt Þ are collected at time t ¼
We
use
a
column
vector
Li;j ¼
ti;j;1 ; :::; ti;j;ni;j :


Li;j ðti;j;1 Þ; :::; Li;j ðti;j;ni;j Þ T 2 Rni;j 1 to denote all collected
measurements for unit i; sensor j; and denote Li ¼
½Li;1 ;    ; Li;s  2 Rni 1 as all available sensor measurements for
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P
unit i; where ni ¼ sj¼1 ni;j : It is worth noting that, as mentioned before, the collected sensor measurements can be asynchronous, i.e., we do not require that ni;j1 ¼ ni;j2 or ti;j1 ;n ¼ ti;j2 ;n
for any j1 ; j2 and n: Such flexibility stems from the fact that our
proposed classifier zðÞ relies on the underlying signal paths
Di ðtÞ but not the collected sensor measurements Li ðtÞ:
Generally, to train a classifier, we need to collect a set of
training samples with known responses yi and covariates X i
(i ¼ 1; :::; M), and solve the following equation:

1 XM 
^z ¼ argmin
Q
y
;
z
ð
X
Þ
þ J ðzÞ;
i
i
i¼1
M
z
where Qð; Þ is the loss function, and J ðÞ is the penalty
function. In our formulation, the responses bi ðtÞ and covariates Di ðtÞ are time series, and thus if Di ðtÞ are known, the
classifier can be estimated by
ð
1 Xm
^z ¼ argmin
Q½bi ðtÞ; zðDi ðtÞÞdt þ J ðzÞ :
(2)
i¼1
m
z
However, the integral is usually difficult to compute in practice, and existing software packages on popular classifiers
cannot be directly implemented in Equation (2). Therefore,
we take samples at time t ¼ si;1 ; :::; si;2N and approximate
Equation (2) by
1 Xm X2N h

i
^z ¼ argmin
;
z
D
þ J ðzÞ:
Q
b
s
s
i
i;n
i
i;n
ð
Þ
ð
Þ
i¼1
n¼1
2mN
z
(3)
It is worth noting that the sampling time points si;n are
not the same as the time points ti;j;n when sensor measurements are collected. The main difference is that si;n is associated with the underlying signal paths Di ðt Þ and can be
appropriately set by practitioners to approximate the integral
in Equation (2), whereas ti;j;n is associated with measurements Li;j ðt Þ of sensor j; and thus it is determined by the
data acquisition time. Since we regard the signal path Di;j ðt Þ
as a function of time t according to Equation (1), the sampling time points si;n can be any time before or after the
unit failure. In Equation (3), we take the same number of


samples Di ðsi;n Þ; bi ðsi;n Þ from each unit to ensure each
unit is equally important in the classifier. Also, the number
of samples should be balanced in each class as well; otherwise, it may lead to an imbalanced classification problem
with poor prediction performance (Japkowicz, 2000; Weiss
and Provost, 2001). Specifically, if historical unit i is known
to fail at time Ti ; then the responses are

0; 8t<Ti
;
b i ðt Þ ¼
1; 8t  Ti
given that the degradation is irreversible, i.e., a failed unit
will stay in that status unless maintenance is performed. In
order to balance the number of samples from the two classes
with bi ðt Þ ¼ 0 and bi ðtÞ ¼ 1 in the training set, we choose
si;n ¼ Ti þ ðnN1Þd with d > 0 denoting the difference
between two adjacent sampling points. In this way, we take
2N samples from each unit. Since si;N ¼ Ti  d < Ti ;
si;Nþ1 ¼ Ti ; and si;n increases with respect to n; we have
that for the first N samples bi ðsi;n Þ ¼ 0; n ¼ 1; :::; N; and for
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Figure 2. Illustration of the classification problem.

the last N samples bi ðsi;n Þ ¼ 1; n ¼ N þ 1; :::; 2N: With a
larger N and a smaller d; our approximation becomes more
accurate. Figure 2 illustrates our idea for the case of two sensors, where each dashed
the trajectory of the
 curve represents

signal paths Di ðtÞ ¼ Di;1 ðtÞ; Di;2 ðtÞ for one unit, and the
dots represent the sampled points Di ðt Þ on the trajectory of
the signal paths at different time points t : For now, we regard
the signal paths Di ðtÞ as known. Although sensor measurements Li ðtÞ are usually censored, the signal paths Di ðtÞ are
functions of time t according to Equation (1) and thus the trajectory can go beyond the failure surface. In Figure 2, for illustration, we take N ¼ 3 samples before and after the failure of
each unit on the trajectory of the signal paths, and then a classifier can be used to define the failure surface to separate the
two groups of samples. In practice, the values of N and d
should be determined based on the real application.
Another challenge in the above formulation is that the


underlying signal paths Di ðsi;n Þ ¼ Di;1 ðsi;n Þ; :::; Di;s ðsi;n Þ T ¼
T
½g1 ðsi;n ; Ci;1 Þ; :::; gs ðsi;n ; Ci;s Þ are usually unknown, which
depend on the latent random-effect parameter Ci ; and thus
the estimation method of Equation (3) still cannot be
applied in our case. To solve this problem, we further modify Equation (3) and consider the expected loss regarding
the posterior distribution of Ci
ð h
1 Xm X2N

i
^z ¼ argmin
Q bi ðsi;n Þ; z Di ðsi;n Þ
i¼1
n¼1
2mN
z
pðCi jLi ÞdCi þ J ðzÞ:
(4)
Here pðCi jLi Þ is the posterior distribution of Ci given the
collected sensor measurements Li ; which can be calculated
according to pðCi jLi Þ / pðLi jCi ÞpðCi Þ: With conjugate distribution families, we can obtain analytical expression for the
posterior distribution. For example, if the noises
 are indeð
Þ
pendent and normally distributed ei;j t  N 0; r2j ; and


the underlying signal path has the form gj t; Ci;j ¼


T
wj ðt Þ Ci;j ; then Li;j jCi;j ¼ Wi;j Ci;j þ ei;j  N ni;j Wi;j Ci;j ; r2j I ;


where Wi;j ¼ wj ðti;j;1 Þ; :::; wj ðti;j;ni;j Þ T 2 Rni;j dj is the design


matrix, ei;j ¼ ei;j ðti;j;1 Þ; :::ei;j ðti;j;ni;j Þ 2 Rni;j 1 contains the
noises, and I is the identity matrix. Therefore, the conditional distribution Li jCi  N ni ðWi Ci ; Xi Þ where Wi ¼


diagðWi;1 ; :::; Wi;s Þ 2 Rni d and Xi ¼ diag r21 I; :::; r2s I 2
Rni ni are two block-diagonal matrices. In this case, if the
prior distribution is also normal Ci  N d ðl; RÞ; we can
obtain the posterior distribution Ci jLi  N d ðli ; Ri Þ; where
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 T 1



1
1 1
li ¼ Ri WTi X1
:
i Li þ R l ; and Ri ¼ Wi Xi Wi þ R
If there is no analytical solution for the posterior distribution, numerical methods such as Monte Carlo Markov
Chain can be used to obtain samples from the posterior distribution pðCi jLi Þ:
Now the main challenge lies in calculating the integral in
Equation (4). Directly calculating the integral is computationally expensive, and may be even impossible. To reduce
the computation and ensure the easy implementation such
that practitioners can directly utilize the existing software
packages of popular classifiers, we decided to consider some
approximation techniques. In the literature, there are a
number of approximation techniques for calculating the
integral (Pinheiro and Bates, 1995; Bae and Kvam, 2004). In
this article we consider two techniques:(i) the Monte Carlo
method; and (ii) Laplacian approximation as a demonstration, since these two techniques require fewer restrictions on
the specific form of Equation (4) and can be applied to
many classifiers. In practice, other approximation techniques
can also be employed, depending on the application context.

Ci ; and thus it can be used in the case where the dimension
of Ci is high. However, one potential limitation is that the
Monte Carlo method may require a large set of training
samples. Specifically, there are 2mNK samples in the training set, which may be challenging to the computational
resource. In the next section, we discuss another approximation technique, Laplacian approximation.
2.4. Laplacian approximation
To facilitate the Laplacian approximation technique, we
rewrite Equation (4) as
ð


1 Xm
^z ¼ argmin
exp f ðCi Þ dCi þ J ðzÞ ;
(6)
i¼1
2mN
z
nP





 o

2N
where f ðCi Þ ¼ log
þ log pðCi jLi Þ:
n¼1 Q yi ðsi;n Þ; z Di ðsi;n Þ
The basic idea of Laplacian approximation is to approximate
f ðCi Þ by the second-order Taylor expansion at the maximum point. Specifically, given the classifier zðÞ; we find
the maximum point

Ci ¼ argmax f ðCi Þ
2.3. Monte Carlo method
The first approximation technique we consider is the Monte
Carlo method. Since
ð h

i
Q bi ðsi;n Þ; z Di ðsi;n Þ pðCi jLi ÞdCi
h

i
1 XK
ðkÞ
;
z
D
;
Q
b
s
s
i
i;n
i;n
ð
Þ
ð
Þ
i
k¼1
K
according to the law of large numbers, where
h
iT
ð Þ
ð Þ
ð Þ
Di k ðsi;n Þ ¼ Di;1k ðsi;n Þ; :::; Di;sk ðsi;n Þ
h 


iT
ð Þ
ð Þ
¼ g1 si;n ; Ci;1k ; :::; gs si;n ; Ci;sk
;
ð Þ

and Ci k is a draw from the posterior distribution pðCi jLi Þ;
we can estimate the classifier by
1 Xm XK X2N
^z ¼ argmin
i¼1
k¼1
n¼1
2mNK
z
(5)
h

i
ð Þ
Q bi ðsi;n Þ; z Di k ðsi;n Þ þ J ðzÞ :
In other words, for each unit i; we draw K samples from the
ð Þ
posterior distribution pðCi jLi Þ: For each sample Ci k ; we calðkÞ
culate the underlying signal paths Di ðtÞ and then take samð Þ
ples at time t ¼ si;1 ; :::; si;2N : Finally, the sampled Di k ðsi;n Þ
and the corresponding bi ðsi;n Þ are used for classifier estimation, where existing software packages can be directly utilized.
There are several advantages of the Monte Carlo method.
First, it is flexible with no additional restrictions imposed on
the structure of the model. Second, it does not require the
posterior distribution pðCi jLi Þ to have an analytical form,
and thus, pðCi jLi Þ can be calculated using numerical methods. Third, although Equation (5) is derived in the setting of
a parametric classifier, it can also be used to train a nonparametric classifier such as k-nearest neighborhood. And
last, the approximation error that is created by use of the
Monte Carlo method does not depend on the dimension of

Ci

¼ argmax log
Ci

nX
2N

o



;
z
D
þ logpðCi jLi Þ :
Q
y
s
s
i
i;n
i
i;n
ð
Þ
ð
Þ
n¼1
(7)

Then according to the Taylor expansion, f ðCi Þ can be
approximated as
  1
T
 

f ðCi Þ f Ci þ Ci Ci r2 f Ci Ci Ci ;
2
 
2
where r f Ci is the Hessian matrix at Ci ¼ Ci ; and the
first-order derivative of f ðCi Þ vanishes since Ci is a stationary
point. Consequently, the integral can be approximated by
ð


exp f ðCi Þ dCi
ð
  1
T
 

exp f Ci þ Ci Ci r2 f Ci Ci Ci dCi
2
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
  
ð2pÞd
  :
¼ exp f Ci 
jr2 f Ci j
Here the operator j  j calculates the determinant. In this
way, Equation (6) is approximated as



1 Xm X2N
^z ¼ argmin
x Q yi ðsi;n Þ; z Di ðsi;n Þ þ J ðzÞ;
i¼1
n¼1 i
2mN
z
(8)
where


qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 
d
xi ¼ p Ci jLi ð2pÞ =jr2 f Ci j;

h
iT  



Di ðt Þ ¼ Di;1 ðtÞ; :::; Di;s ðtÞ ¼ g1 t; Ci;1 ; :::; gs t; Ci;s T ;
and Ci can be regarded as a function of zðÞ: Therefore, ^z ðÞ
can be obtained by solving Equation (8).
Based on Laplacian approximation, the size of the training set is 2mN; which is less than the Monte Carlo method.
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However, the training process in Laplacian approximation
involves nested optimization, which requires additional computation. Also, restrictions apply for Laplacian approximation. First, the classifiers that can be incorporated are
limited. For example, nonparametric classifiers without a
proper loss function may not be used with Laplacian
approximation. Second, to facilitate solving Equation (7), it
is desired that the posterior distribution pðCi jLi Þ has analytical expression or close-form approximations. And last,
f ðCi Þ must be twice-differentiable to calculate the
Hessian matrix.
2.5. RUL prediction
For an in-field unit r that has not yet failed, the estimated
classifier ^z can be used to predict the RUL. Specifically, suppose the collected sensor signals for unit r are Lr 2 Rnr 1 ;
the probability of failure before time t can be predicted as
ð




ð
Þ
ð
Þ
p Tr <tjLr ¼ p br t ¼ 1jLr ¼ p br ðtÞ ¼ 1jDr ðt Þ pðCr jLr ÞdCr ;

(9)
where Tr is the failure time of unit r; and the underlying
signal paths Dr ðtÞ depend
 on the latent random variable Cr :
Since the probability p br ðt Þ ¼ 1jDr ðtÞ can be estimated by
^z ðDr ðt ÞÞ; Equation (9) can be approximated by


1 XK
^z DðrkÞ ðtÞ :
pðTr <tjLr Þ ¼ ECr jLr ½^z ðDr ðtÞÞ ¼
k¼1
K
Here


h
iT


ðkÞ
kÞ
ðt Þ; :::; Dðr;skÞ ðt Þ ¼ g1 t; Cðr;1
DðrkÞ ðtÞ ¼ Dr;1
; :::; gs t; Cðr;skÞ
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2.6. Sensor selection
As previously mentioned, the proposed framework is intrinsically capable of solving the sensor selection problem in
multisensor degradation modeling. This is because as the
degradation modeling problem is transformed into a classification problem, the sensor selection problem can be
regarded as the feature selection or variable selection in the
classification. Therefore, a variety of feature selection methods can be used for sensor selection, such as the wrapping
methods and shrinkage methods. An introduction to feature
selection approaches can be found in Guyon and Elisseeff
(2003). Specifically, wrapping methods typically rely on cross
validation or another technique to select the subset of variables that minimizes the prediction error on the validation
set. Thus, in theory, wrapping methods can be incorporated
into any multisensor degradation model for sensor selection.
However, wrapping methods are usually time-consuming
and heuristic, and thus have no guarantee that the selected
subset of features is optimal. Shrinkage methods, on the
other hand, rely on the penalty function J ðzÞ to screen out
unrelated features. Shrinkage methods have the advantage of
less computation and often offer a desirable theoretical
property that ensures that the correct features are selected
with some specific penalty function, such as the LASSO and
the adaptive LASSO penalty (Tibshirani, 1996; Knight and
Fu, 2000; Zou, 2006). Compared with other multisensor degradation models, the proposed framework has the advantage
that it easily incorporates shrinkage methods for sensor
selection, and the existing related software packages can be
directly utilized as discussed in Section 2.3.

T

;

and CðrkÞ is a draw from the posterior distribution pðCr jLr Þ;
which can be computed by pðCr jLr Þ / pðLr jCr ÞpðCr Þ as discussed in Section 2.2. Let trc be the current time and assume
that unit r has not failed by time trc : Then, we can update
the distribution of the failure time Tr by



 pðTr <tjLr Þp Tr <trc jLr
c


p Tr <tjTr > tr ; Lr ¼
:
1  p Tr <trc jLr
Since the distribution may be skewed, we use the median
^r
as the point estimator of the failure time, i.e., we find T
such that:


^ r jTr > t c ; Lr ¼ 0:5 :
p T r <T
r
^ r  tc :
In this way, the RUL can be predicted as T
r
Similarly, for a number  with 0 <  < 1; the correspond^ ðÞ of the failure time can be calculated
ing quantile T
r
according to


^ ð Þ jTr > t c ; Lr ¼  :
p Tr <T
r
r
Then a prediction interval for the RUL with level a can be


^ ð1a=2Þ tc :
^ ða=2Þ tc ; T
established as T
r
r
r
r

3. Simulation studies
In this simulation section, we conduct a series of studies to
evaluate the proposed framework using a simulated dataset.
Specifically, we consider the prognostic performance and failure surface estimation of our method with different classifiers
in Section 3.2 and test the sensor selection performance with
adaptive LASSO in Section 3.3. Section 3.4 describes the sensitivity to sparse data, and Section 3.5 discusses the selection of
tuning parameters in the proposed framework. The simulation
studies are conducted on a server with 2.20 GHz 16-core CPU
and 192 GB memory using MATLAB 2017a.
3.1. Dataset generation
In this simulation study, we consider four sensors and generate the underlying signal paths for each unit by
ð Þ

ð Þ

ð Þ

ð Þ

Di;1 ðt Þ ¼ Ci;10 þ Ci;11 ð0:2t þ sin ð0:2tÞÞ ¼ ½1; 0:2t þ sin ð0:2tÞCi;1 ;
Di;2 ðt Þ ¼ Ci;20 þ Ci;21 0:6t0:8 

100
tþ5

¼ 1; 0:6t0:8 

t1:4
t1:4
¼ 1;
Ci;3 ;
40
40
1:6
ð Þ
ð Þ t
Di;4 ðt Þ ¼ Ci;40 þ Ci;41
þ 3 cos ð0:1tÞ
100
ð Þ

100
Ci;2 ;
tþ5

ð Þ

Di;3 ðt Þ ¼ Ci;30 þ Ci;31

with the prior distribution

¼ 1;

t1:6
þ 3 cos ð0:1tÞ Ci;4 ;
100
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Figure 3. The four signals of selected three units in the generated dataset.
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Here
denotes the Kronecker product and I 4 is the 4  4
identity matrix. In this simulation study, to highlight our
main idea and better evaluate the proposed framework, the
true models of the underlying signal paths described above are
used for classifier estimation and RUL prediction. In addition,
we consider Ci;j ; j ¼ 1; 2; 3; 4 are mutually independent for
simplicity. The four sensor signals are randomly generated by
Li;j ðtÞ ¼ Di;j ðtÞ þ ei;j ðtÞ; where ei;j ðt Þ  N ð0; 102 Þ: As mentioned in Section 2.2, in this case, the posterior distribution Ci
is also normal and has an analytical expression. A random failure surface is used to define unit failure, which is a hyperplane
for each unit. Specifically, failure time of unit i is defined as
Ti ¼ argmin Di;1 ðtÞ þ 0:05Di;2 ðtÞ  0:2Di;3 ðtÞ  li ;
t

where li is a random number subject to a logistic distribution
with location parameter ll ¼ 15  12 ¼ 180 and scale parameter rl ¼ 12: Obviously, only the first three sensors are related
to the degradation process and the last sensor should be
screened out using a sensor selection algorithm. After the failure time Ti is calculated, the sensor measurements of each unit
are generated at time t ¼ 1; :::; bTi c; where bTi c is the largest
integer smaller or equal to Ti : As an example, the four generated signals for three different units are shown in Figure 3.
The true cumulative distribution function of the failure
time Ti is


pðTi t Þ ¼ p li Di;1 ðt Þ þ 0:05Di;2 ðtÞ0:2Di;3 ðtÞ
1
 
 
¼
;
exp  1; Di ðtÞ=rl b0 þ 1
where b0 ¼ ð15; 1; 0:05; 0:2; 0ÞT and rl ¼ 12: Then, the
true distribution of bi ðtÞ is determined by Logistic
Regression (LR) based on Di ðtÞ with the true coefficient
being b0 : This classifier is treated as the oracle classifier and

the corresponding prognostic performance is treated as the
benchmark to evaluate the proposed framework.
3.2. Prognostic performance and failure
surface estimation
First, we evaluate the prognostic performance of our proposed
framework. Specifically, we randomly generate m historical units
and estimate the classifier zðÞ: The estimated ^z ðÞ is applied to
another 100 testing units to predict the RUL based on truncated
sensor signals, and we calculate the prediction error as

ei ¼



T  T
^
i

i

Ti

;

(10)

^ i is the prewhere Ti is the true failure time of unit i and T
dicted failure time. The average prediction error e across all
testing units is then calculated. This process is repeated for 50
times to obtain the mean and standard deviation of e: In this
study, LR is considered as zðÞ because the oracle classifier is
an LR model. In addition, we also employ a Support Vector
Machine (SVM) to consider the case when a different classifier
is used. For LR, the deviance (defined as 2logLp ; where Lp is
the likelihood function) is regarded as the loss function and no
penalty function is considered, that is




Q b; zðDÞ ¼ 2 Dq þ q0 log½expðDq þ q0 Þ þ 1
and J ðzÞ ¼ 0; where b ¼ ½q0 ; q are the coefficients to be
estimated.

 For the SVM, we use the hinge loss function
Q b; zðDÞ ¼ 1bðDq þ q0 Þ þ and penalty function
J ðzÞ ¼ 0:5  qT q; where ½aþ ¼ maxð0; aÞ; b 2 f1; 1g with
1 representing non-failure and 1 representing failure, and
b ¼ ½q0 ; q are the coefficients to be estimated.
When training the classifiers, both approximation methods, the Monte Carlo method and Laplacian approximation,
are applied. Tuning parameters are set as N ¼ 200; d ¼ 0:2;
K ¼ 50; i.e., we take samples at 200 different values of si;n
before the failure time Ti and 200 different values after Ti
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Figure 4. Prognostic performance of the proposed method with LR and the SVM compared with the oracle classifier.

with an equal space of 0.2, and we draw 50 random samples
ð Þ
Ci k from the posterior distribution pðCi jLi Þ when implementing the Monte Carlo method. More discussions on how
to choose the tuning parameters will be presented in Section
3.4. The computational time is recorded and compared
between the Monte Carlo method and Laplacian approximation. As an example, when 100 historical units are available,
for the Monte Carlo method, the training set contains 2 
106 samples and the training procedure takes around
10 seconds for LR and 78 seconds for the SVM on average.
For Laplacian approximation, the training set contains 4 
104 samples and the training procedure takes around
20 minutes for LR and 23 minutes for the SVM on average.
Clearly, although the Monte Carlo method requires a larger
memory, it is much faster than the Laplacian
approximation.
The prognostic results of our method using Monte Carlo
method based on 25, 50, and 100 historical units are shown
in Figure 4, where the bars denote the mean of e for each
classifier with one standard deviation, and the x-axis denotes
different levels of available sensor measurements. For
example, “0.4” means that the sensor signals of each testing
unit i are truncated at 0:4Ti : The result of Laplacian
approximation is almost the same as the Monte Carlo
method and thus is omitted. As shown in the figure, as
more historical units become available, the prognostic performance of the proposed method based on LR becomes
closer to the oracle classifier. The prediction error of the
SVM is slightly greater than the oracle classifier, but is still
satisfactory. This indicates that the proposed framework can
accurately predict the RUL even with a different classifier.
In addition, to verify the accuracy of our proposed
method in estimating the failure surface, we compare the
estimated failure surface with the true one. In this

simulation study, since b0 ¼ ð15; 1; 0:05; 0:2; 0ÞT ; the
underlying true failure surface can be expressed as
15 þ 1  x1 þ 0:05  x2  0:2  x3 þ 0  x4 ¼ n;
where the random variable n  logisticð0; 1Þ; and xj represents the scaled signal path of sensor j; i.e., Di;j ðtÞ=rl : With
100 historical units available and LR as the classifier, the
estimated failure surface is
15 þ 1:001  x1 þ 0:049  x2  0:207  x3  0:004  x4 ¼ 1:110  n:

As we can see, despite a slight scale difference in the estimated coefficient, the estimated failure surface is very close
to the true failure surface. Similarly for the SVM, the estimated failure surface is
15 þ 1:001  x1 þ 0:050  x2  0:205  x3  0:003  x4 ¼ 0 :
For the SVM, the estimated failure surface is fixed, and is
very close to the expectation of the true failure surface. As a
result, the estimated failure surfaces of both LR and SVM
are very close to the true failure surface.
3.3. Sensor selection
To screen out non-informative sensors, we regard LR as zðÞ
and adopt the adaptive LASSO penalty due to its oracle
properties (Zou, 2006). The idea of adaptive LASSO is to
penalize each entry of the LR coefficient b except the intercept with different weights, and the penalty function is given
P
as J ðzÞ ¼ k sj¼1 aj jbj j; where the weight aj is estimated by

T
^ MLE jc ; b
^ MLE ; :::; b
^ MLE
^ MLE ¼ b
^a j ¼ 1=jb
is the estimated
j
1
s
coefficient by maximum likelihood estimation without penalty, and c is a positive number. In this simulation, we
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Figure 5. Proportion of repetitions that the correct sensors are selected.

choose c ¼ 1 as a demonstration. In particular, we randomly
generate m historical units. Then starting with a large value
of k, which excludes all the sensors, we gradually decrease k
until three of the four sensors are selected. We repeat this
process for 50 times and calculate the proportion of repetitions that Sensor 4 is the only excluded sensor, which indicates that the sensors are correctly selected. We evaluate the
sensor selection performance with different m and the result
is shown in Figure 5. This figure clearly indicates that as
more historical units become available, the algorithm is
more likely to select the correct sensors. The sensor selection
performance of the proposed method has been further verified based on another simulated dataset which contains 10
non-informative sensors out of 25 sensors. The conclusion
is similar and thus the details are omitted here.
3.4. Sensitivity to sparse data
In practice, the collected sensor measurements may be
sparse, due to sensor malfunction, limited transmission
bandwidth, data loss, etc. In this simulation study, we consider the case when only a small number of sensor measurements are available. Specifically, we randomly generate 100
^ 1 estiunits and use LR as the classifier. The LR coefficient b
mated based on all available sensor measurements is
regarded as the baseline. Then for each signal of a unit, we
randomly draw a fraction c of measurements and estimate
^ c based only on these measurements.
the LR coefficient b
Since the measurements are drawn separately for each signal, the available sensor measurements are asynchronous in
this study, to better mimic the practical situation. To show
the sensitivity of our method to the data sparsity, we calculate the relative absolute difference Dcj between each entry of
^ 1 and b
^ c as
b
Dcj

¼

1
^ cj
jb^j b
j

^ j
jb
j
1

;

^ is
for j ¼ 0; 1; 2; 3: We do not consider j ¼ 4 because b
4
very close to zero. If the proposed method is not sensitive to
sparse data, the relative absolute difference Dcj will be small.
This procedure is repeated for 20 times to obtain the average and standard deviation of Dcj : All other parameters are
the same as in Section 3.2. The averaged Dcj as well as the
standard deviations of the average using Monte Carlo
method and Laplacian approximation are shown in Figure 6
and Figure 7, respectively. Overall, the results are satisfactory because the average relative difference is only around
1

Figure 6. Sensitivity of the estimated coefficient to sparse data using Monte
Carlo method.

Figure 7. Sensitivity of the estimated coefficient to sparse data using Laplacian
approximation.

10%, even if there are only 10% measurements available. A
more detailed comparison between the two figures reveals
that the Laplacian approximation seems to be more robust
to sparse data than the Monte Carlo method. One possible
reason for this behavior is that when the available data is
sparse, the posterior distribution pðCi jLi Þ has large variance.
Consequently, if K is not large enough, the random samples
ð Þ
Ci k cannot represent the posterior distribution pðCi jLi Þ
well, which adds additional variation that increases Dcj :
3.5. Discussion of tuning parameters
There are three tuning parameters including N; d; and K in
the proposed framework. Generally, N and K should be
large and d should be small to obtain an accurate estimation. However, too large values of N and K may require a
long period of computation and may not be necessary in
practice, and also, as will be discussed later, d cannot be too
small when N is not large enough. In this subsection, we
run a series of simulation studies to assess the effects of
these tuning parameters, which can provide guidance on the
parameter settings. Due to the page limit, we discuss our
conclusions here and the details can be found in
the Appendix.
We recognize that a proper value of N  d is more
important for an accurate approximation than N or d itself.
The physical meaning of N  d can be interpreted as the window length that we take samples before and after the failure
time Ti ; and it approximates Ti  si;1 or si;2N  Ti : One possible reason is that usually the failure surface is random in
some “zone” of the multi-dimensional space. If N  d is too
small, most of the samples ðDi ðtÞ; bi ðt ÞÞ in the training set
are still within a subspace of this “zone” and thus are not

IISE TRANSACTIONS

enough to fully characterize the failure surface. On the contrary, with a relatively large N  d; the training set
ðDi ðtÞ; bi ðtÞÞ will contain samples throughout the “zone,”
leading to a more accurate estimation.
We also find that the value of N  d has different effects
on different classifiers. Some classifiers such as the SVM are
less sensitive to small N  d: One possible reason for this
behavior is that the SVM is only related to a portion of
training samples that are misclassified, which are known as
the supporting vectors (Hastie et al., 2009). With d fixed, a
larger N leads to more samples ðDi ðtÞ; bi ðtÞÞ that are far
away from the failure surface; however, the supporting vectors may remain the same and thus a larger N does not
change the SVM model to any great extent.
Another observation is that with a larger m; a smaller
value of K will be enough for accurate approximation of the
Monte Carlo method. This is reasonable because each unit
represents a sample Ci from the population. However, Ci is
unknown and can only be inferred from the posterior distribution pðCi jLi Þ: If m is small, the samples of Ci cannot
characterize the full sample space and we have to exploit the
subsample space of pðCi jLi Þ to obtain more information. On
the other hand, if m is large, the full sample space is well
characterized by samples of Ci : In this case, using a large K
to fully exploit the subsample space of pðCi jLi Þ does not
provide much information. Actually this is a favorable property for implementing the Monte Carlo method in practice,
which allows us to use a small K when there are many historical units to reduce the computation.
Based on our experience, we summarize the procedure
for specifying the tuning parameters as follows. At first, N 
d can be chosen as a value around the sample standard deviation of fTi gm
i¼1 ; where Ti is the failure time of the historical
unit i: The value of N  d can be decreased if a SVM is used
as the classifier. Then, the value of d can be specified based
on the desired precision of the prognostic result. For
example, if we only need to predict in which day that the
unit will fail and do not mind if the unit fails in the morning or in the afternoon, we can choose d to be 1 day.
Accordingly, the value of N can be specified. Next, we consider the value of K if Monte Carlo approximation is
employed. From our study, we observe that if m  K
is around several thousands, the prognostic performance is
usually satisfactory, and K can be determined accordingly.
In addition, if the sensor measurements are sparse or the
measurement error is large, the value of K should be
increased. Finally, based on the fact that with Monte Carlo
approximation, the number of samples in the training set
for the classification problem is 2mNK; we can further
adjust the values of the tuning parameters according to the
available computational resource.

4. Application
In simulation studies of Section 3, we assume that the true
degradation model for each sensor signal as well as the prior
distribution pðCi Þ is known. In this section, we consider the
case when this information is unavailable, which is common
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Table 1. Detailed description of the 21 sensors (Saxena et al., 2008)
Symbol
T2
T24
T30
T50
P2
P15
P30
Nf
Nc
epr
Ps30
phi
NRf
NRc
BPR
farB
htBleed
Nf_dmd
PCNfR_dmd
W31
W32

Description

Units

Total temperature at fan inlet
Total temperature at LPC outlet
Total temperature at HPC outlet
Total temperature at LPT outlet
Pressure at fan inlet
Total pressure in bypass-duct
Total pressure at HPC outlet
Physical fan speed
Physical core speed
Engine pressure ratio (P50/P2)
Static pressure at HPC outlet
Ratio of fuel flow to Ps30
Corrected fan speed
Corrected core speed
Bypass Ratio
Burner fuel-air ratio
Bleed Enthalpy
Demanded fan speed
Demanded corrected fan speed
HPT coolant bleed
LPT coolant bleed

R
R
R
R
psia
psia
psia
rpm
rpm
–
psia
pps/psi
rpm
rpm
–
–
–
rpm
rpm
lbm/s
lbm/s

in practice. In this case study, we focus on the degradation
modeling of aircraft turbofan engines based on multiple sensor signals.
4.1. Data description
The data was generated by C-MAPSS, a widely used simulation platform to study the degradation of large commercial
aircraft engines (Saxena et al., 2008; Sarkar et al., 2011). The
dataset contains 100 historical units and 100 in-field units
under the same failure mode and the same operation condition. There are 21 sensors monitoring each unit on a variety
of metrics such as temperature and pressure. The detailed
description of the sensors is provided in Table 1. Sensor measurements are continuously collected until the failure of the
unit occurs. For historical units, the average number of available measurements from each sensor for each unit is 206. For
each in-field unit, the sensor measurements are available up
to some time point before the failure and the average number
of measurements from each sensor for each unit is 131. The
actual RULs of in-field units are recorded in a separate file.
Our task is to construct a degradation model to predict the
RULs of in-field units and compare with the true RULs to
assess the prognostic performance of the model. The dataset is
available online (Saxena and Goebel, 2008).
In the literature, there are a number of studies on this
dataset, and thus we can compare our result with existing
ones. Specifically, the recent studies of Fang, Gebraeel and
Paynabar (2017) and Song et al. (2018) are selected as
benchmark methods here as their results are among the best
in the literature. Song et al. (2018) proposed a kernel HIbased method to integrate the HI-based method with kernel
methods in order to extend the fusion function from linear
to nonlinear functions, i.e., the HI could be constructed by a
nonlinear combination of sensor signals based on a certain
kernel function. Specifically, they constructed the HI in a
way such that the “quality” of the constructed HI was maximized, which was measured by the signal-to-noise ratio for
degradation signals (SNRd). The kernel HI-based method is
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Figure 8. Comparison of the average RUL prediction errors on the in-field units
using our proposed method with LR and the kernel HI-based method with linear kernel function based on 11 sensors.

Figure 9. Comparison of the average RUL prediction errors on the in-field units
using our proposed method with SVM and NN, and kernel HI-based method
with second-order polynomial kernel function based on 11 sensors.

of great interest, as the HI method can be regarded as a special case of our proposed method. The second benchmark
study (Fang, Gebraeel and Paynabar, 2017) utilizes FPCA to
extract features from sensor signals and constructs a (log)location-scale regression model for RUL prediction.

HI-based method where a linear kernel function is used, i.e.,
the HI is constructed by a linear combination of sensor signals. Despite the similarity, fundamental differences exist
including: (i) the LR is estimated by solving Equation (4)
while the HI is constructed by maximizing the SNRd metric;
and (ii) the use of LR requires the modeling of each sensor
signal whereas the HI-based method only models the constructed HI. These differences lead to different prognostic
results. Song et al. (2018) also used a second-order polynomial kernel function to explore a nonlinear combination of
sensor signals and improved the prognostic result.
Accordingly, we choose nonlinear classifiers including a
SVM with the second-order polynomial kernel and a NN
with a single hidden layer for comparison. For the NN, the
sigmoid function is used as the activation function for the
hidden layer, and the number of neurons is determined to
be 10 based on the 10-fold cross validation.
In Figure 8, we compare the prognostic results of the
proposed method with the LR classifier and the kernel HIbased method with linear kernel function based on the 11
sensors. The x-axis represents different levels of actual RUL.
For example, “80” means that only in-field units with an
actual RUL less or equal to 80 are considered and “All”
means that all in-field units are considered. The y-axis
denotes the RUL prediction error defined in Equation (10).
The curves represent the average prediction errors on different levels of actual RUL using different methods. It is clear
that the LR outperforms the kernel HI-based method with a
linear kernel function. A clear decreasing trend can be
observed in this figure, indicating that the prediction error
decreases with less actual RUL. This is reasonable, since
with less actual RUL, more sensor measurements are collected and we only need to predict over a shorter period.
Similarly, in Figure 9, we compare the prognostic results of
our proposed framework with SVM and NN, and the kernel
HI-based method with a second-order polynomial kernel
based on the 11 sensors. This figure shows that SVM and
NN perform better than the kernel HI-based method when
the actual RULs of in-field units are medium or large.
When the actual RUL is small, the prediction errors of SVM
and NN are slightly larger.
The results shown in Figure 8 and Figure 9 are all based
on the 11 sensors as identified in Song et al. (2018). Next,
we aim to conduct sensor selection using the proposed
framework and try to improve our prognostic results.
Specifically, we choose LR with adaptive LASSO penalty for
sensor selection. Since 7 out of the 21 sensors are constant

4.2. Result and comparison
Song et al. (2018) manually selected 11 out of the 21 sensors
for degradation modeling (i.e., T24, T50, P30, Nf, Ps30, phi,
NRf, BPR, htBleed, W31, and W32), whereas Fang, Gebraeel
and Paynabar (2017) considered all 21 sensors. Since we are
interested in comparing with the kernel HI method based
on the same set of sensors, we first analyze the 11 sensors
selected by Song et al. (2018) and compare our result with
the kernel HI method. Then, we conduct an automatic sensor selection, analyze the selected sensors, and compare our
result with both benchmark methods (Fang, Gebraeel and
Paynabar, 2017; Song et al., 2018). In this way, we can verify
if our sensor selection method can improve the prognostic result.
We adopt the same preprocessing procedure as in Song
et al. (2018). Specifically, we standardize the sensor measurements after taking a logarithm

transformation. The quadratic degradation model gj t; Ci;j ¼ ½1; t; t 2 Ci;j is chosen for
each transformed sensor signal, as it provides a good fit as
shown in existing studies (Liu et al., 2017; Song et al., 2018).
Each sensor is separately modeled for simplicity with the
random-effect parameters Ci;j assumed to be normal, i.e.,


Ci;j  N lj ; Rj ; where the prior parameters lj and Rj can
be estimated from the historical units based on the twophase algorithm proposed by Lu and
(1993). We
 Meeker

also assume the noise term ei;j ðtÞ  N 0; r2j :
In this case study, we choose the tuning parameters N ¼
80; d ¼ 0:5; and K ¼ 25: Specifically, we choose Nd ¼ 40;
based on the sample standard deviation of the failure time
of the historical units. Since all the true RULs of the in-field
units are integers, d ¼ 0:5 will be precise enough for our
model, and thus N ¼ 80: With 100 historical units, a simple
choice of K ¼ 25 would be able to produce a satisfactory
performance. We consider three popular classifiers including
LR, SVM, and Neural Network (NN). It can be shown that
the LR is equivalent to the HI-based method where the HI
is constructed by a linear combination of sensor signals and
the failure threshold follows the logistic distribution. Thus,
it is interesting to compare the LR result with the kernel
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better than the two benchmark methods. These results verify
the effectiveness of our proposed method in sensor selection
and prognostic analysis.

5. Conclusion

Figure 10. Average absolute difference between predicted RULs and actual
RULs in 10-fold cross validation with different number of selected sensors.

Figure 11. Comparison of the average RUL prediction errors on the in-field
units using our proposed method with LR based on the selected seven sensors
and the benchmark methods.

Figure 12. Comparison of the average RUL prediction errors on the in-field
units using our proposed method with SVM and NN based on the selected
seven sensors and the benchmark methods.

and do not contain any information, we exclude the seven
constant sensors in advance. The adaptive LASSO can produce a solution path containing different subsets of sensors
corresponding to different tuning parameters k; and these
subsets contain different number of sensors from 1 to 14.
For each subset of sensors in the solution path, we use 10fold cross validation to evaluate the average absolute difference between the predict RULs and the actual RULs based
^ i Ti j. The best
on the historical units, i.e., the average of jT
subset of sensors is selected as the one with minimum absolute difference, which is shown in Figure 10.
As a result, seven sensors are selected including T24,
T50, Nc, Ps30, phi, BPR, and W32. Based on the selected
seven sensors, the prognostic results of our proposed framework with LR, SVM, and NN are updated, and the comparisons are shown in Figure 11 and Figure 12. The result of
Fang, Gebraeel and Paynabar (2017) is also included in the
two figures as “FPCA” for comparison. For the LR, the
prognostic result remains similar as before, and actually,
there is a slight improvement for in-field units with moderate RULs. More improvement is observed for SVM and NN.
In both figures, our proposed method performs consistently

In condition monitoring, multiple sensors are widely used to
collect multiple signals from the same unit simultaneously,
so as to improve the estimation of the degradation status
and predict the RUL more accurately. However, most existing studies on degradation modeling focus on analyzing a
single sensor signal, and the literature still lacks a generic
multisensor degradation model that is tailored for degradation process, is flexible enough to explore different relationships between the underlying degradation status and the
sensor signals, is suitable for asynchronous sensor signals,
and is capable of screening out non-informative sensor signals automatically. In this article, we aim to fill the gap in
the literature and propose a generic framework for multisensor degradation modeling, which can be viewed as an extension of the degradation model from one-dimensional space
to multi-dimensional space. There are two primary tasks
involved in the proposed framework: (i) modeling the
underlying paths of multiple sensor signals; and (ii) estimating the failure surface in the multi-dimensional space.
Although the first task can be accomplished by modeling
the underlying path of each sensor signal with an extension
that considers the correlation among signals, the second task
has not been investigated before and leads to great challenges, since the failure surface may be unknown, complex
and random in practice.
Our innovative idea is to transform the multisensor degradation modeling problem into a supervised classification
problem. Since a variety of classifiers can be used to define
the relation between the underlying signal paths and the
degradation status (fail or not), the proposed framework
gains great flexibility in defining the failure surface in the
multi-dimensional space. The HI-based methods in the literature turn out to be only a special case of the proposed
framework. In addition, the proposed framework is also capable of performing sensor selection by incorporating a variable selection algorithm and can deal with asynchronous
multiple sensor signals. We develop classifier estimation
methods, where existing software packages can be directly
utilized for easy implementation. A series of simulation
studies are conducted to evaluate the proposed method from
different aspects and provide guidelines for choosing the
tuning parameters. A case study on the degradation of aircraft engines is also conducted, and the results are compared
with existing benchmarks, which shows better prognostic
performance of the proposed framework.
In the future, there are several topics worth investigating.
First, this paper takes samples with equal space as in
Equation (3). However, this strategy may be further
improved, since measurements close to failure are usually
more critical than others. Therefore, an improved sampling
strategy is in need to ensure the optimal balance between
the prognostic performance of the framework and
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computational efficiency. Second, the proposed framework
involves several approximations and tuning parameters. In
addition to the numerical studies described in this article, it
is desired that theoretical analyses are conducted to evaluate
how the approximations and tuning parameters affect the
accuracy of RUL prediction in the proposed framework.
Third, although the proposed framework allows a simultaneous modeling of multiple sensor signals through defining
the prior pðCi Þ; the literature on the construction of the
prior pðCi Þ in a unified manner is still sparse. It is of great
interest to develop a systematic approach for specifying
pðCi Þ and analyze the effect of pðCi Þ on the prognostic performance of the proposed method.
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Figure A1. Sensitivity of the estimated coefficient of LR to N:

Figure A2. Sensitivity of the estimated coefficient of SVM to N:

Figure A3. Coefficient of variation for each entry of the estimated coefficient
of LR.

Appendix
More simulation results
Here we describe the detailed results of three more simulation studies
regarding the tuning parameters N; d; and K: In the first simulation,
we fix d ¼ 0:2 and set N to be different values to see how the estimated coefficient of the classifier changes, where LR and SVM are considered as the classifiers. A set of randomly generated 100 historical
units is used for classifier estimation. We use the estimated coefficient
^ 500 with N ¼ 500 as the baseline, and calculate the relative absolute
b
^ N as
difference DNj for each entry j of the estimated coefficient b

Figure A4. Coefficient of variation for each entry of the estimated coefficient
of SVM.

^ N b
^ 500 =b
^ 500 j. The results for LR and SVM are shown in
DNj ¼ jb
j
j
j
Figure A1 and Figure A2, respectively. Similar to Figure 6 and Figure
7, we do not show the entry corresponding to Sensor 4. The figures
indicate that the relative absolute difference decreases as N increases
for both classifiers. Also, we can see that the relative absolute difference

of SVM is usually much smaller than LR. For SVM, the relative absolute difference becomes stable from N ¼ 200; i.e., the estimated coefficient of SVM only changes little if we further increases N from 200.
On the other hand, for LR, significant decrease can still be observed
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Figure A5. Effect of K with different number of historical units.

from N ¼ 200 to N ¼ 300: Therefore, LR seems more sensitive to N in
this case.
In the second simulation, we fix N  d ¼ 40 and choose a series of
pairs of ðN; dÞ from N ¼ 20 to N ¼ 500: For each pair of ðN; dÞ; we
^ ðNdÞ of the classifier. Then for each entry of
estimate the coefficient b

^ ðNdÞ ; we calculate the Coefficient of Variation (CV) across all pairs of
b
ðN; dÞ; which is defined as the standard deviation divided by the aver^ ðNdÞ with
age. A small value of CV indicates small difference between b
different pairs of ðN; dÞ: We repeat this procedure for several times to
obtain the average and standard deviation of CV. The boxplot of CV
for LR and SVM are shown in Figure A3 and Figure A4, respectively,
which shows that only very small difference exists for different pairs of
ðN; dÞ for both classifiers. Combined with the previous simulation, we
conclude that the value of N  d is very important for the estimation
performance of our proposed method.

The last simulation that we consider is the effect of K with different
number of historical units m: Specifically, for m randomly generated
historical units, we repeat the classifier estimation procedure of the
proposed framework using Monte Carlo method for 50 times. Each
ð Þ
time we randomly draw a different set of K random samples Ci k from
the posterior distribution pðCi jLi Þ and estimate the coefficient of the
^ K : In this way, we can calculate the standard deviLR classifier to be b
^ K across the 50 repetitions. If the value of K is
ation for each entry of b
^ K should be stable in different repetitions
large enough, the estimated b
and thus the standard deviation should be small. The result is shown
in Figure A5. Generally, the standard deviation decreases as K
increases, which agrees with our intuition. Furthermore, the standard
deviation becomes smaller with more historical units. Therefore, with
more historical units available, a smaller value of K would be enough
for an accurate approximation for the Monte Carlo method.

